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No way to live with ghosts and no way to live without ghosts. 

Ilya’s Shapiro



Why are we interested in ghosts?



Why are we interested in ghosts?

Interesting cosmology: Phantom Dark Energy - super accelerated universe with 

, Bouncing universe etc. Inflation with blue spectrum of gravity waves
·

H > 0

https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Electronic_circuit


Why are we interested in ghosts?

Interesting cosmology: Phantom Dark Energy - super accelerated universe with 

, Bouncing universe etc. Inflation with blue spectrum of gravity waves
·

H > 0

Higher derivative systems have ghosts due to the Ostrogradsky theorem (1848)

https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Electronic_circuit


Why are we interested in ghosts?

Interesting cosmology: Phantom Dark Energy - super accelerated universe with 

, Bouncing universe etc. Inflation with blue spectrum of gravity waves
·

H > 0

Higher derivative systems have ghosts due to the Ostrogradsky theorem (1848)

jerk ( ) equations are the minimal setting for solutions showing chaotic 

behaviour (electronic circuits (!) e.g. Chua’s circuit )   

···x

https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Electronic_circuit


Why are we interested in ghosts?

Interesting cosmology: Phantom Dark Energy - super accelerated universe with 

, Bouncing universe etc. Inflation with blue spectrum of gravity waves
·

H > 0

Higher derivative systems have ghosts due to the Ostrogradsky theorem (1848)

jerk ( ) equations are the minimal setting for solutions showing chaotic 

behaviour (electronic circuits (!) e.g. Chua’s circuit )   

···x

Renormalisation / quantisation of Gravity (Stelle, 1977) 

 ,    Weyl tensor     S = ∫ M2

Pl
R + α R2 + β WμνσλW

μνσλ W = ∂∂g

https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Electronic_circuit


Why are we interested in ghosts?

Interesting cosmology: Phantom Dark Energy - super accelerated universe with 

, Bouncing universe etc. Inflation with blue spectrum of gravity waves
·

H > 0

Higher derivative systems have ghosts due to the Ostrogradsky theorem (1848)

jerk ( ) equations are the minimal setting for solutions showing chaotic 

behaviour (electronic circuits (!) e.g. Chua’s circuit )   

···x

Renormalisation / quantisation of Gravity (Stelle, 1977) 

 ,    Weyl tensor     S = ∫ M2

Pl
R + α R2 + β WμνσλW

μνσλ W = ∂∂g

Questions related to entropy and thermodynamics 

https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Electronic_circuit


Why are we interested in ghosts?

Interesting cosmology: Phantom Dark Energy - super accelerated universe with 

, Bouncing universe etc. Inflation with blue spectrum of gravity waves
·

H > 0

Higher derivative systems have ghosts due to the Ostrogradsky theorem (1848)

jerk ( ) equations are the minimal setting for solutions showing chaotic 

behaviour (electronic circuits (!) e.g. Chua’s circuit )   

···x

Renormalisation / quantisation of Gravity (Stelle, 1977) 

 ,    Weyl tensor     S = ∫ M2

Pl
R + α R2 + β WμνσλW

μνσλ W = ∂∂g

Questions related to entropy and thermodynamics 

Is it possible to screen gravity?

https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Electronic_circuit


Why are we interested in ghosts?

Interesting cosmology: Phantom Dark Energy - super accelerated universe with 

, Bouncing universe etc. Inflation with blue spectrum of gravity waves
·

H > 0

Higher derivative systems have ghosts due to the Ostrogradsky theorem (1848)

jerk ( ) equations are the minimal setting for solutions showing chaotic 

behaviour (electronic circuits (!) e.g. Chua’s circuit )   

···x

Renormalisation / quantisation of Gravity (Stelle, 1977) 

 ,    Weyl tensor     S = ∫ M2

Pl
R + α R2 + β WμνσλW

μνσλ W = ∂∂g

Questions related to entropy and thermodynamics 

Is it possible to screen gravity?

Is it possible to screen the Cosmological Constant or the energy of quantum 

vacuum? 

https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Electronic_circuit


Why are we interested in ghosts?

Interesting cosmology: Phantom Dark Energy - super accelerated universe with 

, Bouncing universe etc. Inflation with blue spectrum of gravity waves
·

H > 0

Higher derivative systems have ghosts due to the Ostrogradsky theorem (1848)

jerk ( ) equations are the minimal setting for solutions showing chaotic 

behaviour (electronic circuits (!) e.g. Chua’s circuit )   

···x

Renormalisation / quantisation of Gravity (Stelle, 1977) 

 ,    Weyl tensor     S = ∫ M2

Pl
R + α R2 + β WμνσλW

μνσλ W = ∂∂g

Questions related to entropy and thermodynamics 

Is it possible to screen gravity?

Is it possible to screen the Cosmological Constant or the energy of quantum 

vacuum? 

Interesting exotic compact objects like wormholes

https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Electronic_circuit


Why are we interested in ghosts?

Interesting cosmology: Phantom Dark Energy - super accelerated universe with 

, Bouncing universe etc. Inflation with blue spectrum of gravity waves
·

H > 0

Higher derivative systems have ghosts due to the Ostrogradsky theorem (1848)

jerk ( ) equations are the minimal setting for solutions showing chaotic 

behaviour (electronic circuits (!) e.g. Chua’s circuit )   

···x

Renormalisation / quantisation of Gravity (Stelle, 1977) 

 ,    Weyl tensor     S = ∫ M2

Pl
R + α R2 + β WμνσλW

μνσλ W = ∂∂g

Questions related to entropy and thermodynamics 

Is it possible to screen gravity?

Is it possible to screen the Cosmological Constant or the energy of quantum 

vacuum? 

Interesting exotic compact objects like wormholes

Can gravitons be massive? (Boulware–Deser ghost, 1972, dRGT etc.)
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Lagrange Stability 

the motion is finite - 

is bounded in phase space -

“Global Stability”

Aleksandr Mikhailovich Lyapunov

Lyapunov Stability 

solutions starting  
"close enough" 

(within a distance   from each other) 

remain "close enough" forever 

(within a distance   from it).

δ

ϵ
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Ostrogradsky Theorem 

modern version for poor people

1

M2p2 − p4

propagator 

=
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−
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For Lagrangian    depending on  acceleration L (q, ·q, ··q) a = ··q

H = P1

·
Q1 + P2

·
Q2 − L

P1 =
∂L

∂ ·q
−

d

dt

∂L

∂··q

canonical momentum for Q1 = q

P2 =
∂L

∂··q

canonical momentum for Q2 = ·q

H = P1Q2 + P2a (P2, Q1, Q2) − L (Q1, Q2, a (P2, Q1, Q2))
Hamiltonian linear in   - unbounded from above and from below! P1
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Instability

Etot = EN + EG ghosty matter
normal matter

TIME interaction!
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H =
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2
(p2
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(p2

y + y2) + VI (x, y)

Normal Oscillator Interaction Potential

VI (x, y) =
λ

1 + 2 (y2 + x2) + (y2 − x2)
2

Coupling Constant

Hamiltonian

Ghosty Oscillator

0 < VI (x, y) λ−1 ≤ 1Interaction is bounded
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Is there any symmetry behind this conserved quantity ? ℰ

Joseph Liouville 1846

Joseph Liouville
FRS FRSE FAS

Darboux in 1901 

Jean-Gaston Darboux


FAS MIF FRS FRSE

https://en.wikipedia.org/wiki/Fellow_of_the_Royal_Society
https://en.wikipedia.org/wiki/Fellow_of_the_Royal_Society_of_Edinburgh
https://en.wikipedia.org/wiki/French_Academy_of_Sciences


Another First Integral: ℰ

ℰ = Σ + (y2 − x2) VI (x, y)



Another First Integral: ℰ

ℰ = Σ + (y2 − x2) VI (x, y)

Σ = (pyx + pxy)
2

+
1

2
(p2

x + x2) +
1

2
(p2

y + y2)

where



Another First Integral: ℰ

ℰ = Σ + (y2 − x2) VI (x, y)

Σ = (pyx + pxy)
2

+
1

2
(p2

x + x2) +
1

2
(p2

y + y2)

where

VI (x, y) = λ [1 + 2 (y2 + x2) + (y2 − x2)
2

]
−1/2

− |λ | ≤ (y2 − x2) VI (x, y) ≤ |λ |

the interaction part is always bounded 

as



Another First Integral: ℰ

ℰ = Σ + (y2 − x2) VI (x, y)

Σ = (pyx + pxy)
2

+
1

2
(p2

x + x2) +
1

2
(p2

y + y2)

where

VI (x, y) = λ [1 + 2 (y2 + x2) + (y2 − x2)
2

]
−1/2

− |λ | ≤ (y2 − x2) VI (x, y) ≤ |λ |

the interaction part is always bounded 

as

for all times Σ − |λ | ≤ ℰ ≤ Σ + |λ |



Finiteness of motion

at initial point of time  ta Σa − |λ | ≤ ℰ ≤ Σa + |λ |



Finiteness of motion

at initial point of time  ta Σa − |λ | ≤ ℰ ≤ Σa + |λ |

at any later point in time  tb Σb − |λ | ≤ ℰ ≤ Σb + |λ |



Finiteness of motion

at initial point of time  ta Σa − |λ | ≤ ℰ ≤ Σa + |λ |

at any later point in time  tb Σb − |λ | ≤ ℰ ≤ Σb + |λ |



Finiteness of motion

at initial point of time  ta Σa − |λ | ≤ ℰ ≤ Σa + |λ |

at any later point in time  tb Σb − |λ | ≤ ℰ ≤ Σb + |λ |



Finiteness of motion

at initial point of time  ta Σa − |λ | ≤ ℰ ≤ Σa + |λ |

at any later point in time  tb Σb − |λ | ≤ ℰ ≤ Σb + |λ |

Σa − 2 |λ | ≤ Σb ≤ Σa + 2 |λ |

 is positive definite and 

is confined in a stripe

Σ



Finiteness of motion

at initial point of time  ta Σa − |λ | ≤ ℰ ≤ Σa + |λ |

at any later point in time  tb Σb − |λ | ≤ ℰ ≤ Σb + |λ |

-1.1

0

1.1

-1.1 0 1.1
0

100

200

300

400

500

tt

y

py

Σa − 2 |λ | ≤ Σb ≤ Σa + 2 |λ |

 is positive definite and 

is confined in a stripe

Σ



Finiteness of motion

at initial point of time  ta Σa − |λ | ≤ ℰ ≤ Σa + |λ |

at any later point in time  tb Σb − |λ | ≤ ℰ ≤ Σb + |λ |

Thus the trajectory is  confined in a stripe, as for  we have ξ = (x, y, px, py) ξ
2

≤ 2Σ

-1.1

0

1.1

-1.1 0 1.1
0

100

200

300

400

500

tt

y

py

Σa − 2 |λ | ≤ Σb ≤ Σa + 2 |λ |

 is positive definite and 

is confined in a stripe

Σ



Finiteness of motion

at initial point of time  ta Σa − |λ | ≤ ℰ ≤ Σa + |λ |

at any later point in time  tb Σb − |λ | ≤ ℰ ≤ Σb + |λ |

Thus the trajectory is  confined in a stripe, as for  we have ξ = (x, y, px, py) ξ
2

≤ 2Σ

System always evolves in a finite region 
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 at the origin ℰ(0) = 0

 for > 0 |λ | < 1/2
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 so that the system is stable at the origin for  

ℰ
|λ | < 1/2

Lyapunov Stability



Realisation through Higher Derivatives



L(q, ··q) = (··q + q) (2p2 + (2p2)
−1)

where  is the solution of p2 ≡ p2 (q, ··q)

(··q + q) 2q2 + 1 = − 2λp2(2p2
2

+ 1)−3/2

In this way p2 = ∂L/∂··q

Realisation through Higher Derivatives
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−
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+ VLV(x, y)

VLV =
f(u) − g(v)

u2 + v2
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1

2 (r2 − c + (r2 − c)2 + 4 c x2)

v2 = −
1

2 (r2 − c − (r2 − c)2 + 4 c x2)
r2 = x2 − y2

Condition for stability: 

 

 and  are 

bounded from below 

 

with  and 

c > 0

f(u) g(v)

f(u) ⩾ F0 |u |
ζ

> 0

g(v) ⩾ G0 |v |
η

> 0

ζ > 2 η > 2
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Minimum of potential energy is stable
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𝒞4 > 0for Lagrange stability: 
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Interaction with ghost creates 


new Lyapunov stable vacua! 

"Potential Energy”  and Vacua )(4)
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ω2
x = 1 , ω2

y = 1 , 𝒞4 = 1 , c = 1



ω2
x = 5 , ω2

y = − 5 , 𝒞4 = 1 , c = 1

ω2
x = 1 , ω2

y = 1 , 𝒞4 = 1 , c = 1



Kolmogorov–Arnold–Moser (KAM) theorem 

Small structural changes 

do not jeopardise 


the stability and finiteness 

of motion



Why have not we seen 


such systems in nature yet?



Thanks a lot for attention! 

⾮常感谢您的关注！


