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Background [ Cosmo collider signal <-> (non)analyticity of correlators ]
Cosmological correlators [ general structure | partial Mellin-Barnes |
Loops: Analytical techniques [ factorization | spectral | dispersion |
Nested time integrals: family tree decomposition

Conformal amplitudes in FRW [ general rule | energy int | inflation limit |



The cosmological collider program

The primordial universe: very high energy scale

Quantum fluctuations => large-scale structure
A unique window to fundamental physics at inflation scale

Inflation scale?

1073 10° 103 106 10° 1012 1013 1018

[Chen, Wang, 0911.3380; Arkani-Hamed, Maldacena, 1503.08043 and many more]



Cosmological collider signal
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Promising observables Rich physics Signals ~ nonanalyticity
[Sohn et al., 2404.07203 particle mass / spin / int. etc Branch cut / factorization
Cabass et al., 2404.01894] / cutting rule / OPE

2~4 orders in the future expansion history
[Qin, ZX, 2304.13295; 2308.14802]
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Phenomenological motivations
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in SM/BSM, with large signals

Understanding the amplitudes!

= efficient numerical implementation
= analytical structure

Frequency |v|

[Lian-Tao Wang, ZX, 1910.12876]
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Over the years, many particle models identified

Many types of diagrams (tree + loop) involved
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Cosmological correlators: general structure
[See Chen, Wang, ZX, 1703.10166 for a review]

T({k}) ~ /dT/ d%q x (—=7)? x 7 x Hi;[— K(q, k)T] X 0(m; — 7;)

vertex int loop int ext line bulk line

Complications and strategies

Special functions in propagators D% @go/kgu

. . g
O partial Mellin-Barnes [ain, zx, 2205.01692, 2208.13790 etc.] ?

. 0q+k; O0q—k4
Loop (momentum) integral

Cd spectral [ZX, Zhang, arXiv:2211.03810] O dispersion [ongoing] Dy Oq+ks %D

Nested time integral
O family tree [zx, zang, 2309.10849]

Other methods: bootstrap [Arkani-Hamed et al. 1811.00024 etc.]
AdS + Mellin [Sleight 1907.01143 etc.] diff eq [Arkani-Hamed et al. 2312.05303]



Partial Mellin-Barnes representation
[Qin, ZX, 2205.01692, 2208.13790]

Mellin transform & Mellin-Barnes rep:

c+ioco ds

P = [ doatf(z) fo= [ sheE

—ioco 25
Expanding in dilatation eigenmode [dS counterpart of Fourier transform in flat space]

Partial Mellin-Barnes rep: MB rep for all bulk lines; Special functions => powers

For example: Massive scalar propagator [Hankel function]

Hl(jl)(_k,r) _ l/ioo ds (E)—28(_T)—286(2S—V—1)7Ti/21-‘|:8_ v s+ Z]

T J_ico 2—7T'l 2

|

Time and momentum factorized



All time and momentum integrals factorized; We can deal with them separately:

T ({k}) ~ / ds x G(s) x [ / dqu(q,k)o‘] X [ / drelf™ x (—1)P x (r; —Tj)]

bulk lines loop int nested time int

NN\ 7/

Left poles Right poles

A
Loop integrals similar to flat space [simple loops doable] e @

\\

Time integrals more challenging: arbitrary time orderings e o o o

*r—r—0—0—0—0—P

Mellin integrands typically meromorphic [only poles]

\

Final results by residue theorem: pole collecting c o o e

Pole structure encodes rich physics! s




All-loop factorization theorem & cutting rule
[Zhehan Qin, ZX, 2304.13295; 2308.14802]

Thanks to PMB, nonanalyticities in K all come from the loop integral:
T({k}) ~ /ds X G(s) x [/dqu(q, k)o‘} X [/dfreiET x (—7)P x 0(1; — 15)

Detailed analysis of loops shows that all (honlocal) signals are factorized & cuttable

Moreover, all loop signals are analytically calculable:
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Application: signals from arbitrary 1-loop graphs
[Zhehan Qin, ZX, 2301.07047; 2304.13295]

The factorization enables precise determination of leading order nonlocal signals. E.g.:

O O
Pk @ 9 3
S X X NL Oq+k; 4 =S X X
ks—0
‘sz 7, . 4
O O

Subgraphs computable in closed form with improved bootstrap equations [2301.07047]

ks—0

Upshot: Cut the soft lines and pinch the hard lines (OPE; pinched coupling) [2304.13295]

The effective

| coupling as
a function of
intermediate
mass

NL
ks—0
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Bootstrap by spectral decomposition
[ZX, Hongyu Zhang, 2211.03810]

Loops greatly simplified with new strategies in certain cases: spectral decomposition

Rewrite bubble 1-loop as linear superposition The spectral density obtainable by
of tree graphs with all possible masses. Wick-rotating dS to sphere or AdS

With spectral method, we

get the first and hitherto only
known complete analytical T T |
result for massive 1-loop £ \ 4
processes e e I R

> :
12T x 10°
(=) (3]

27 x 102
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Bootstrap by dispersion relations
[Haoyuan Liu, Zhehan Qin, ZX, 240X.XXXXX]

The study of analyticity allows us to locate all singularities on the complex plane

=> Bootstraping complex graphs by gluing simpler ones. The glue: dispersion integral

A A
kiz
_k34 _ks r
PAAAAAS -0 > _m_@—> —
6
TE Pole PE Pole 1 physical region

Dispersion integrals are insensitive to UV (local) physics
New and much simplified analytical expression for loops; UV and IR neatly separated

In particular: we identify an “irreducible background” demanded by analyticity
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Family tree decomposition

[ZX, Zang, 2309.10849]

T ({k}) ~ /ds X G(s) x [/dqu(q,k)a] X [/dTeiET x (—=7)° x 0(r; —Tj)]

bulk lines loop int nested time int
The most general time integral: / H dry (—74)% 1 “"m] []o(;
=1

It naturally acquires a graphic representation [NOT original Feynman diagrams:

W1,41 71

4

e — (=) / [T [ame (~reyee= e ] Bra — 72)0(ra — 72)8(7s — 72)

=1

w2, 4q2 w3, g3
T2 T3
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Family tree decomposition

Complications all from theta functions

Irremovable, but can flip directions, at the expense of additional factorized graphs

9(71—72)+9(72—71)=1 : > s + - A I - =

T1 T2 1 T2 1 T2

Family tree decomposition:

We always flip the directions such that all nested graphs are partially ordered

Partial order:
mother daughter
A mother can have any nhumber of daughters . - .
T1 72

but a daughter must have only one mother

Every resulting nested graph can be interpreted as a maternal family tree
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A useful notation for family trees:

|

sisters

12(34 - -

Y

mother-daughter

2 3

A
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Examples:

123

/H dr;(—7;)® - lc‘)T]932921

4

(—i)4/H [dTi(—Ti)qi_leiwin]041031021

i=1

5

= (—1)5/]:[ [dTi(_Ti)Qi_leiwiTi]043053931921

=1

0;; = 0(1; — 75)
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Example of family tree decomposition

Choose Site 1 as the earliest
5 5 54 1->2good  2->3flip
3->4 good 3->5 flip

5 9

/f[ |:d7'g (—TE)QE—leiweTe: 0(te — 71)0(12 — 73)0(74 — 73)(T3 — T5)

= [12][34] 5] — [1234][5] — [12] [3(4)(5)] + [123(4)(5)]




Computing the family tree

Expand-and-integrate strategy works, but more streamlined with MB reps

s 1 =

\ / dry (—75) %2~ Lelw2T2 - s
R / : o . — Ep(z):/_ st p—1
/ \ — (_Tl)qul—fh (_1w27'1) —ioo p
- ! > - (exp int) MB rep

=) Next layer: again powers and exp ====p go through all layers wsssp finish MB int

Mellin integrals finished by the residue theorem, with a series expansion:

[@(iQN)] _ (iu(Jl_)lq)l--.N Z I‘(ql,..N + No2...N 1:[ q_Jw_i/,,:an

t

earliest site sum of all g’s on Site j and her descendants (qi2.. =¢1 + ¢+ ---)

na,-- ,nN=0 =

18



Examples:

oo

1 2 03 [123] _ 1 Z (_1)n23F[n23 + q123] (w2 )nz (ﬂ)n?’

(iwq ) 9223 na!ng!(ngs + g23)(ns +g3) \ wi w1

nz,n3=0

oo

L6l s 5 T ()

(iwg)Q123 ?11!7?,3!(7?,1 + ql)(ng + Q3) w9 o))

ni,n3=0

All family trees are multivariate hypergeometric series
Always expanded in reciprocal of earliest energy, prefactor gives the monodromy

When do FTD, always ask the maximal energy to sits at the earliest site

19



For simple family trees, the series sum to named hypergeometric functions [all dressed]

=i

1] = (o) —T'lg1] Euler Gamma function

[12] = (iw—l)lqw o F1 [gﬁ’fi = w_i] Gauss hypergeometric function

2(1)(3)] = (Mi)qm Fo [CI123 o ﬂ:fg . 1| _ Z_: —:—z] Appell function

[123] = (iwli) — 2+l [‘1(]1223311213 _ ,_q;,qj— 1’ _ zj,—zi’] Kampé de Fériet function

1(2) - (V)] = =7, [ql...N

(iwl)‘h---N

g2, 4N ‘ W

WN : :
@41 gy +1 w w1] Lauricella function

... While more complicated family trees are not yet named
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Flexibility, functional identities, analytical continuation
[Bingchu Fan, ZX, Jiaju Zang, to appear]

The flexibility of MB rep leads to many distinct expansions of family trees in terms of
large / small single energy, partial energy, total energy, or energy differences.

The many expansions of the same function yield many functional identities when the
family tree sums to known functions:

' 1 q2,q12|  w2|  Tlgo] 1,q12 | we
12) = 12 = on o - - S e [ ]

. 1 (g2, wa | 1 , w [lq1, qo]
[12] + [21] = [1][2] T o Fi Zi ili _ w_j + o 2 Fi [gi _IQ_Ii B w_l] _ w‘lhlwgz
123) + G - [1)[2] T ] e B e R R M v B

i dlresin

More importantly, when series do not close, the identities amount to analytical
continuation beyond the region of convergence

|
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Minimal set of functions: family chains

birthday rule: Compare the birthdays of all 021031 (032 + 923) = 035091 + 093051
family members and sum over all possibilities

Example:

1
Formally, take shuffle products recursively /\ .
among all subfamilies :

[1(24)(35)] = {1(24) w (35)}
= {12435} + {12345} + {12354}

+ {13245} + {13254} + {13524}

Family trees over-complete: further decomposable to chains; tree topology erased

Family chains: iterated integrals; Hopf algebra; transcendental weight; symbology?
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Applications

1. Cosmological collider physics with multiple massive exchanges [ZX, Zang, 2309.10849]
[See also Aoki et al.: 2404.09547]

2.0

1Sk

Partial MB + family tree
analytical expressions
enables fast numerical
implementation

1.0}

o.s-/\

4000
& _ost
"} —— ss —— SB+BS
G g— a—

15k A \ . . . .
1.0 L5 2.0 2.5 3.0 3.5 4.0

—log;o 72

0.1)
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2. Conformal amplitudes in arbitrary power-law FRW universe [Fan, ZX, 2403.07050]

S[pe] = / d**zy/—g ( Ouc)” + €R¢ +y —ﬁ"] {=(d—1)/(4d)

n>3

An important class of toy model; rich structure [ cosmo polytope; canonical form; symbology ]
Recent works explored the diff egs [Arkani-Hamed et al. 2312.05303 etc.]

With family trees, we found full analytical answers
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Conformal amplitudes in FRW
[Fan, ZX, 2403.07050]

Two types of “amplitudes”: correlators & wavefunction (coefficients)
Similar structures but distinct physical meanings
For wavefunction: [correlators similar, see 2403.07050]

bUIk Ilne: é(K, 7-1,7'2) — e_iK(Tl_T2)012 + e+iK(T1—T2)021 . e—I—iK(T1-|-7-2) . K .

boundary line: B(k;7) = " ok

 d
T

A tree graph fully determined by
its external energies E (and
power q) at all sites, and internal
energies K on all bulk lines
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Tree conformal amplitudes ~ sum & products of family trees [finally, like in flat spacel]

Rule for wavefunctions: Example: 3-site chain

[correlators similar] B B I

1. Fix a partial order

. S?) S S @ S < @ S @ S S ® O 5>

2. Write the uncut tree
" T O T T % T S% T T ST T Y 5T % e

[ E« | bar | sign index ]
+ &----0—>—0 — &----0—>—0 — &----0—>—0 |+ &----0—>—0
3_ Cutl [bar(_)unbarl o o & S S ® © @ @ o & o S @ ©o 5>
: + @@ === 0 — @@ ===0 — OO =-==0 | G- =@--=--=0
remove|ater|ndex] e & o o e & & o @ & o o @ & o o

—J3-chain(/1\) = Z ab{ [11a2ja2b3§b] + [11a2ja§b] [32] = [lia] [212b3§b] Al [113] [21§b] [32]}
a.b=zk

2132b = E2 — aK1 + bK2



; - E, E; -
2-site chain: 7 Tt e T e ()= a{[le2e] + [16] (2]}
=+
= =0 - Ba---—s =® i
— - =0 - o—=—0 U:@)= a{[2el]+[2][lu]}
a=d
+ O—EB —————— éo . O—€B —————— éo
E, ?
4-Site Star: E4 o 5 e A + 2 perms
E, E;

o
|
|
|
|
//A\O /b\\
O/ o/ \o

D4 star = Z abc{ [412903¢ (17a) (25 (33¢)] + ([4132b3c(2§b)(3§c)] 1] +2 perms)



family tree vs energy integral

FRW conformal amplitudes => Twisted integrals of flat amplitudes
[Arkani-Hamed et al. 2312.05303]

T ~ / dey - x {energy integrand }

The energy integrand constructable recursively [cosmological polytope]
[Arkani-Hamed et al. 1709.02813]
E, 2K,

Example: 2-site wavefunction < & =FE
' K E&+ Ki)(&+K) TP A

1. Time and energy integrals essentially related by Fourier transform

2. Familty trees to family chains. 3. Chain diagrams directly reducible:

1. N] = (=)™ /O""ﬁ [d;[fe_)q_]q ] 51512--1-51...N = {1...N)

=1

Family tree decomposition + chain fractions {1...N} recover the “polytope recursion”
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Inflationary limit

Interesting to consider the special case of ¢3 theory in dS limit (allq=0)

Boundary of IR safe region: A family tree of V sites contains g = 0 poles up to deg V
All poles cancel out in amplitudes, finite terms being polylogs

Example 2-site wavefunction: %o-chain = [1121] — [1121] + [11] [21] — [11] [21]

o0

-1 (=)™ I'ln+2q| r Es — K\"
1121 =
1 1]q1=qz=q [i(E1 + K)|% nz::O n! n—+q ( Ei+ K )
_ 1 yp+logli(Bi+K)] . K-—E . 2 g2
=T 3 + . Li, K+ B (10g[1(E1 + K)]+ ’yE) 5 + O(q)
\ Y ) L Y )
divergent terms finite terms
: ~ . B — K . Bh— K Ei+ K E> + K 2
Final answer: %2 chain = Lis 2Em + Liy 1Em + log 1Elz log 2El2 -

More sites: integrated polylogs could be tedious, but easy to get the symbol
[See also Hillman 1912.09450]
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Concluding remarks

Analytical progress of cosmological correlators from our group since 2022:

e ® o
. L]
4
oo ko g e E fl 4 l;z E; o
/ S \]
. L]

boost-less graphs Closed-form formula Multiple massive exchange 1-loop bubble graphs
PMB / bootstrap improved bootstrap family-tree decomposition spectral decomposition
[2205.01692; 2208.13790] [2301.07047] [2309.10849] [2211.03810]
D}‘. 0 Pk, . .
7 ‘ 1-loop signal All-loop signal

Tatia ek PMB, bootstrap factorization theorem

Oks 4 =L D Pks 2 4.1 2 1
o [2304.13295] [2308.14802]

Analytical results enable fast numerical implementation:

1-loop: Brute-force numerical [ O(10°) CPU hours | vs. Analytical [ O(10s) on a laptop |
[Lian-Tao Wang, ZX, Yi-Ming Zhong, 2109.14635] [ZX, Hongyu Zhang, 2211.03810]

Yet still a lot more to be understood. Far from done!
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Concluding remarks

v’ Arbitrary massive trees essentially solved [PMB + family tree];

v" Nonlocal signals in arbitrary graphs at all loop orders obtained [PMB + factorization]
v" A new class of special functions identified (family trees), many new math structures!
v FRW conformal amplitudes obtained: many lessons learnt from a good toy model!
Progress underway:

* 1-loop bubble done; other simple loops (relevant to pheno) doable as well

* Nonlocal signals found; local signals? Analyticity of arbitrary graphs? Dispersion!

* Beyond dS: Slow-roll correction / cosmo collider in non-inflation scenarios

* Analytical-result-inspired template design: pinch and cut; phase information

Rich mathematical structure «— deep physics of QFT in cosmological background

Thank you!
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Back up
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1-loop bubble from spectral decomposition

1

Lov = 16k kakaks (krakias)?/? _3NS(7’1,7’2) + jLs(Tl, ry) + 3BG(7'17T2)]-

P - s 2 o~
2(r1ra) ¥/ 242 g+n)11+w+ng]u+ﬂw+nk(é+m;+%0
7T2 COS(QWiD) o (1 -+ 2iv + 271,)2 2

D=

JIns =

«oF |2 T s +iT+n
L f+2iv+2n

)
r2| . F 2
1:| e 1[ —52 + 2iv + 2n

r%] (7'17'2)2” + c.c..

2 2 s

~ 2 32420 X (14n)1|(1+iw+n)1|"(1+2iv+n): N

Fus == AT T dl .~2] 2 (2 4 2i7 + 2n)
w2 cos(2miv) £~ (1+ 2iv + 2n)2

9 —n,l —iv—n| , (r1)2n
F -
1] 4 1[ —5—211/—271 7’2} T tec

<o T 24+iV+n, o +iV+n
ot 5 +2i0+2n

xS m

1)4+n+1(f 4 )2m+4(é + £+ 2n)
jBG _e;o;—% 22mn' (m — n)'( +€+n)

m+1

) 1 ri\ 5/2+¢
~dS 1 = > 2m 1
X [ (=2 —if — 2in) — e log,uR] (r_) :

2
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[]
[]
_—

1-loop box graph:
AY = %a3<p’02

ks—0

1 O dr dr ; : =
7::(1‘)(]{:1,/62) — M Z (—alaz)/ 7—121T_;ealllel-FazlszrzDgrl/gz(kl;7_1,7_2)

aj,ac==+

% (_7_1)3/2+ci’17(_7_2)3/2+ci'17

Computed with an improved bootstrap method in 2301.07047

8(2 + ich)T(2 + 2icD) sin(wicy) ki~ 2¥
3 + 2icv 4k1 ko

7;(L)(k1, ko) = —
The right subgraph is similar. Putting everything together, we get:

sinh?(77)

k3 k2 \2I7 (24 ip)*
1. ox k - - 2 2 e . acr~\9
kSH—I>IO |:7TD ({ })] NL 2(47‘(’) 7/2k1k2k3k4k"112k§4 (4k12k34) (3 + 211/)2

x r[3 + 2i7, —% = 2137] r?2 [% +iD, -2 — i’ﬁ] +eec..
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Example: a 5-fold int

4 4 4
9 1 \ 9 1 \\ 2
3 _ 3P------ —-—0 — 3 - -

1
) @
5 5 Big
4 4
Choose Site 1 as the earliest 9 1 2 1
1->2good  2->3flip TSP Y
3->4 good 4->5 flip 5 3

[ Also need to decide “locally” earliest site in all nested subgraph, in this case Site 3 |
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Example: a 5-fold int

5 5 5
We can as well choose a 4 4
differerent site as the earliest \\ 9 1
Say Site 3: - 3 R
3->4 good 3->2 good E 5
3->5 flip 2->1 flip

For a tree graph: choosing an earliest site fixes the partial order
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Why is the rule correct?

Starting from the original Feynman rule. The bulk propagator reads:
é(K£§TA,TB) = e~ iKe(TA=TB)g(14 — 1) + et K(TA=TB) (1 — 7,) — gHiKe(Ta+TE)

When a partial order P given, we adjust G to make it consistent with P
Say, when A earlier than B:

~

G(KK;TA,TB) — |:e+iKg(TA—TB) _ e—iKg(TA—TB)]O(TB _ TA) + e_iKe(TA_TB) . e+iKe(TA+7'B)

Four terms, packed into:

é(Ke;TA,TB) = Z a [eiaKﬁ(TA_TB)H(TB —TA) + e ETATIETE | ey Uncut + cut
a=42 )

In our family tree notations: ) _ a{ [---ApBp---] + |- Ap] [Be - -]}
a=F

Every tree graph with V vertex has 4V-! terms [consistent w/ results from diff eq (2312.05303)]
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More sites: integrated polylogs could be tedious, but easy to get the symbol

o0

i Z (—1)™3'[n13 + qi23] uy* ugz®

: U; = Wi /w2
(iwg ) 9123 (n1+q1)(ns+q3) ni! ng! ’ i/

A 3-site example: [2(1)(3)] =

n1,n3=0

Inflationary limit: ;1_1)% 2(1)(3)] = (iwi)Sq{ F,[J?;Q] 4 Liz(—u1) ‘;‘Liz(_UB) -|-L3(u1,u3)} +0(q)
—  (=1)™*T[n1s] ui* uy’

Ls(ui,uz) = Y

ni ,n3=1

nins ’I’Ll! n3!

0 0
i ight- : L — log(1 log(1 — log(1
L, is a weight-3 polylog: 9log uy 9log u 3(u1,u3) = log(l + u1) + log(1 + u3) — log(1 + u13)
L2) =
S(L3) 1+ ugs Q@ U1 ® uz + 1+ urs Q usz @ U
14 w3 14 ug3
1 1
+ T w ®(14+u1) @ui + T u ® (14 u3) ® us

Question: a new algorithm for all family-trees/amplitudes? [See also Hillman 1912.09450]
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